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The stress-strain relations, displacement distribution, stress resultants and mid plane strain resultants of a
functionally graded material plate are studied using Hamilton’s principle. A simply supported rectangular thick
shell direct stress, inplane shear stress, transverse stress and displacement are investigated. The analysis and
modeling of five layers FGM shell is carried out using MATLAB19 code with ABAQUS20 software. Using
distinct materials on the top and bottom layers of the shell, a transverse uniform load in five degrees - of -
freedom is applied with a specific Poisson's ratio and Young's modulus in a power and sigmoidal law function
through the thickness direction. A power law was used to determine the distribution of properties through shell
thickness. The results showed that the bottom layer affected significantly most stress due to subjected to the
most in-plane stress while the displacement is greatest at the top layer.
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INTRODUCTION

Today the world is turning largely to composite
materials and there is almost no use or application
devoid of it due to its high performance properties
that exceed or compete with materials made of steel
such as resistance, stiffness, thermal insulation and
corrosion in addition to light weight. The mechanical
properties of the functional graded materials (FGM)
differ for each material element, where the change in
those properties occurs along the thickness. The
power-law function, sigmoidal law function and
exponential law function used to define the functions
of the FGM behavior where these laws describe the
variety of the top surface Young’s modulus and the
stress Intensification in the interfaces. The properties
of main components in FGM such as thermal,
mechanical, magnetic, optical are varied according
to the variety of chemistry or microstructure, thus the
traditional technique not useful with these
components and the smooth variance in the
properties of these materials results from being
microscopically inhomogeneous materials [1-2].
Also, the properties of gradient materials were
characterized by high performance specifications
such as high bonding strength, reduced stress
concentration and resistance to high thermal loads,
which made these materials the focus of attention,
especially in advanced and vital industries such as
the manufacture of reactors, optics and electronics,

in addition to the uses of mechanical and medical
engineering [3].

In engineering applications that are exposed to
impact loads in addition to thermal loads,
engineering structures must provide sufficient
support to withstand those loads, making the
observations directed towards specific materials that
have the ability to withstand those loads together [4-
5]. The advantage of the mixture of ceramic with low
thermal conductivity, and other materials or a
combination of other metals to improve the
capability to withstand high-temperature gradient
environments in addition to keeping their structural
strength Also, the possibility of manufacturing these
mixtures with a constantly varying volume fraction
[6].

The integral form from the Refined Zigzag
Theory (RZT) equilibrium  equations by
Peridynamic Differential Operator (PDDO) to
achieve the perfect solution of the differential
equations and considered this theory is more
appropriate for thick as well as moderately thick
plate stress analysis due to independent on the
correction factors of shear and involve several of
kinematic variables. The stress concentration was
reducing at the interface core as well as face sheet
due to use the functionally graded cores [7].

The nonlinear vibration of nanotube composite
with single-walled functionally graded beam by
nonlinear von Karman geometric and theory of
Timoshenko beam were discussed by other
researchers [8] and the static and modal analysis


https://doi.org/10.29354/diag/144171
mailto:ahmed.raie@iunajaf.edu.com

60 DIAGNOSTYKA, Vol. 22, No. 4 (2021)
Abd-Ali NK, Madeh AR.: Structural analysis of functionally graded material using sigmioadal and ..

were described for simply supported conditions of
plate with function graded properties across
thickness as well as volume fraction variance [9].
Specific studies reported the graduation of material
properties in transverse and axially thickness
direction according to power low to study the
characteristic of dynamic analysis. A virtual work
principle was used to derive the equation of motion
and the model discretization was treated by finite
element method [10]. Also, the axial stress analysis
which effected by various types of functionally
graded beam was evaluated under thermal
environment [11].

The excellent properties of FGM as well as
corrosion and erosion resistant in addition to thermal
characteristics prompted researchers to study the use
these components in free and force buckling analysis
under different thermal effect [12]. A plate with a
novel functionally graded with smoothly distribution
of stress through the thickness to avoid interfacial
failure of sandwich plate structure was discussed and
the mechanical properties such as shear modules and
Poisson’s ratio were varied through thickness. the
equations of motion were solved by using Ritz
method with Chebyshev polynomials to obtain
bending deflection, shear buckling load and stresses
for simply supported and clamped plate [13]. Also,
the NURBS functions were used to describe the
displacement of element that depends on parameters
of function graded material and the stiffness of the
thick plate including extension-bending coupling
[14].

Other studies evaluate nonlinear eigenvalue
analysis of FGM nanocomposite with carbon
nanotube as reinforcement agent with different
distribution in direction of thickness depend on beam
theory of Timoshenko and nonlinear theory of
Karman, where the volume fraction, slenderness
ratio and amplitude of vibration were discussed
through free vibration state [15]. Other studies
described the sigmoid-law in distribution of different
material properties such as ceramic and metal
through thickness of beam. Stiffness and buckling
matrices were built by the finite element model and
solved free vibration analysis numerically [16]. In
addition, other researches investigate the dynamic
response of functionally graded for axi-symmetric
plate and cylinders under thermo-mechanical and
finite element formulation under thermal load using
theory of first order shear (FSDT) [17].

Present work focus on the mechanical properties
of multilayer composite material, where The stress-
strain relations strain displacement, stress resultants
and mid plane strain resultants of a functionally
graded material plate are studied using Hamilton’s
principle. A simply supported rectangular shell
direct stress, inplane shear stress, transverse stress
and displacement are investigated.

MATHEMATICAL FORMULATION
A distinctive material properties P is differed

through the thickness of plate along the expressions

of the power law [18]:

z 1\"

P(2) = (P.—P)V + Py, V=(2+3) (1)
where P; and Py, refer to the top and bottom plate

faces property, respectively, and parameter n
indicates the profile variation of the material along
the thickness where at fully ceramic plate, the value
of n equal to zero. Stress concentrations arise on one
of the interfaces in which the material is continuous
but varies rapidly when a FGM of a single power-
law function is applied to the multi-layered
laminated shell. To achieve a smooth distribution of
stresses across all interfaces, the volume fraction was
determined using two power-law functions.

A transverse force is applied to a linearly elastic,
medium-thick, rectangular FGM shell. The thickness
h of a medium-thick FGM shell is considered to be
uniform, and the thickness h is in the range of 1/20
1/100 of its span.

1. Before and after deformation, line segments
perpendicular to the middle surface remain
unstretched and normal.

2. The FGM shell deflections are small in compared
to its thickness h, therefore linear strain-
displacement relationships are acceptable.

3. Because the thickness is considered to be in the
range of 1/20 1/100 of its span, the normal stress
in the thickness direction may be ignored.

4. The Young's modulus and Poisson's ratio of the
non-homogeneous elastic FGM are functions of
the spatial coordinate z.

The FGM plate's deformations and stresses are
based on the following assumptions:

The principal equations of motion and the models
of finite element developed for the classical plate
theory and First- order theory are suitable for the
multi-layers plates. The stiffness of plate were
devoted by [19]:
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where the subscripts, ¢ and m refer to the ceramic
and metal, respectively, while the coefficient of
thermal expansion and the modulus as well as the
coefficients of elastic Qj; differ through the thickness
of plate. [8]

Also, the strain and kinetic energies may be
stated respectively as [20]:
Ue = [[f 0y &6 dx dy dz (8)
To=>J[phw? dxdy ©)

The four position for each element have 3DOF
where the transverse displacement represented by w
as well as 0x, Oy act x and y axis rotations
respectively [21].

The matrices of stiffness and mass elements were
developed on the minimum potential and Kinetic
energy principle [8]:

[K.] = [[B]" [D][B]dv (10)
Where

B = z % % zafay] [N]” (11)
and

[M.] = [IN]" [p] [N] av (12)

The Hamilton’s principle was used to obtain the
equation of motion for plate [22]:
[, =T, + W,) dt =0 (13)

The constitutive law, also known as the
generalized law of Hooke, establishes the desired
connection by using the concept of linear elastic
material behaviour [22].

o=_C¢ (14)

The stresses and strains are linearly linked in this
case thanks to the constitutive matrix C. Taking use
of symmetry and taking strain energy into account.
As demonstrated in equation (15), the anisotropic
materials may be described using just 21 constants

[28].
Oy Ci1 Cip Gz Gy Cis Cig (&
Oy Ca1 Coy Gz Coy Cas Cye| | &y
9z | _ C31 Csp C33 Gy C35 Ci6f) &2 (15)
Txy Cs1 Cap Caz Cas Cus Cag||Vxy
Tyz Cs1 Csy Cs3 Csy Css Csgl [Vyz

Txz C61 C62 C63 C64 C65 C66 Vxz

As explained in the basic material coordination
system, the constitutive relation of orthotropic
materials is simplified:
(01\ [Qn Q12 013 014 055 016] (81

9} Q21 Q22 023 024 025 026 &2
103 Lz 033 03 Q33 034 035 03¢ !53 L (16)
T12 [041 Ouz 043 Qua Ous Oug| )| V12
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In terms of engineering constants, the constants
Q can be described by [29]:

E1(Z E1(Z
Q11 = 111() ) Q12 = —1(1;1}21
_EB@ vz _ Ex(2)
Q21 = T Q22 = v (17)
Q33 = E3(2)

Qas = G130s5 = VG23,066 = VG113
Where ll] =1- V12V21

Finite Element Modeling Technique

A functionally graded material is a new
technology used to create composite material that
may be developed for use in high temperature layer
and heat shield applications due to its superior
mechanical and thermal characteristics.

The FGM properties will be change during the
thickness and the numerical model consist of various
layers in order to get this variation in properties as
shown in the figures (1), (2) and (3). From the
bottom surface, the material properties are evaluated
with using the different laws of volume fraction
distribution. Even though, the layered of structure
does not show the material properties graduation, a
adequate layers number can practically approximate
the gradation of material peoperties. In this work, the
analysis and modeling of FGM shell is carried out
using ABAQUS software. ABAQUS proposes a
more elements to select from for the gradient
materials in the modeling. The FGM properties
subjected to mechanical loads examined on a flat
shell.

Plies | Offset | Shell Parame’(ersl Display \

Make calculated sections symmetric

Ply Name Region Material Thickness CsYs
1v Ply-1 (Picked) AL203 0.002 <Layup>
2 v Ply-2 (Picked) GF 0/90 0.005 <Layup>
3v Ply-3 (Picked) CFO 0.003 <Layup>
4 v Ply-4 (Picked) GF 0/90 0.005 <Layup>
5¢ Ply-5 (Picked) GFO 0.003 <Layup>

Fig. 1. Layers material properties

Material Thickness Orientation Angle '"':gi:;”“ Ply Name
AL203 0.002 0 3 1
GF0/%0 0.005 0/%0 3 2
CFO 0.003 0 3 3
GFO0/%0 0.005 0/%0 3 4
3 5

GFO 0.003 0

Fig. 2. Layers material type with orientation angles

Fig. 3. Distribution of thickness and properties in each
layer

Take into consideration a symmetrically,
rectangular laminated thick shell with simply
supported edges boundary conditions as shown in
Fig. 4 and subjected to an uninformed pressure.
Transverse shear deformations are taken into
consideration, which may be essential if the shell is
thick or involves layers with a low transverse shear
modulus. The thick shell can be laminated cross-ply
(symmetric or anti-symmetric) as well as angle-ply
symmetrically with a large number of layers, or
orthotropically.
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Fig. 4. Simply supported rectangular shell

Results and Discussions
Stress concentrations arise on one of the
interfaces where the material is continuous but varies
significantly when a FGM of a single power-law
function is applied to the multi-layered composite.
To achieve a smooth distribution of stresses across
all interfaces, the volume fraction was determined
using two power-law functions. Consider an elastic
rectangular plate and shell. The local coordinates x
and y defined at the thick shell's edge, but the z-axis,
which began at the shell's center surface, is really in
the thickness direction. The top and lower surfaces
have distinct material characteristics, such as
Young's modulus and Poisson’s ratio, also they are
pre-defined based on the performance requirements.
The Young's modulus and Poisson's ratio of the
plates and shells, on the other hand, only vary
uniformly in the thickness direction (z-axis),
resulting in the following: Plate and shell made of
functionally graded material (FGM).
The two power law functions are illustrated
in the figures (5) and (6).

T T T
10— 1 1 | ] 4

/|| [=—P=01
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P=0.5
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——P=2
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!
-04 -0.2 0.0 0.2 04 0.6 08
z/h

Fig. 5. The variation of Modular ratio in a P-FGM shell

Modular Ratio

The change of Modular ratio with sigmoid
distributions is shown in Fig. 6, and this FGM shell
is hence known as a sigmoid FGM shell (S-FGM).
The stiffness of the S-FGM of thick shell reduces as
the power law index increases, whereas the load
vector increases as the variational parameter
increases. The magnitude of deflection increases as
the value of the power law index increases, and the

variational parameter increases.

magnitude of deflection increases as the value of the

10

—a— P=0.1
—e— P=0.2
P=0.5|
P=1
P=2
P=3
P=5 H
P=8

P=10

Modular Ratio

0
-0.6 -0.4 -0.2 0.0 02 0.4 0.6 0.8
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Fig. 6. The variation of Modular ratio in a S-FGM shell

Static Analysis

The numerical results for the combined large
deflection of a simply supported functionally graded
square shell in the figure (7) exposed to uniformly
distributed pressure were provided in the static
analysis, as illustrated in figure (8). The intensity of
deflection increases as the power law index
increases. The influence of transverse shear
deformation may be to increase deflection, as
predicted. When the thickness ratio is small, the
differences in deflection values predicted by the
current model are significant, but they become trivial
as the side-to-thickness ratio increases.

Fig. 7. Element of meshing shell

A,
Fig. 8. Pressure distribution with boundary conditions

The translation and rotation displacements
through the thickness at the shell center are shown in
figures (9) and (10). The geometrical parameters and
material properties used are defined in figure (1),
with aluminum oxide for the bottom and top
surfaces. Using a uniform mesh, model only one
quadrant of the domain, taking use of the biaxial
symmetry.
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Fig. 9: Translation displacement distribution

Fig. 10. Rotation displacement distribution

The stress coefficient in the z direction is 0 since
the load was applied transversely. The magnitude of
the stress coefficients in the x and y directions was
determined to be the same. Shear stress was also
determined to have the same magnitude in the xz and
yz planes.

Figures (11) and (12) shows the distribution of
maximum Von Misses and Tresca stress distribution.
The maximum value of stress was found at the edge
support due to the Von Misses stress was related to
the bending moment which become maximum at this
supports. There is a high level of agreement between
the current and published results. The results
demonstrate that the current formulation performs
exceptionally well in terms of accuracy.

Fig. 12. Tresca stress distribution

Figures (13), (14) and (15) show the variation of
tensile stress (ox), (oy) and shear stress (oxy)
respectively for specified boundary conditions of
a square shell with uniformly distributed load for
P-GM. From the extracted result of distribution, the

variation of stress can be noted in the direction of
stress coordinate for (ox) and (oy) and in the shear
direction for the (oxy).

Fig. 13. Tensile stress (ox) distribution

Fig. 14. Tensile stress (oy) distribution

Fig. 15. Shear stress (oxy) distribution

Figures (16), (17) and (18) illustrate the change
of strain distribution in (x) and (y) direction as well
as shear stress (xy) for stated boundary conditions
of a square shell under uniformly distributed load.
The fluctuation of strain in the direction of strain
coordinate for (x) and (y) and in the shear direction
for (xy) may be observed from the extracted result of
distribution.

Strain distribution is related to the strain energy,
also called as deformation energy, is the potential
energy contained in an object as strain and stress.
The work done by the external force is transformed
into energy stored in the solid throughout
deformation process, which is known as elastic strain
energy. The stored energy is known as deformation
energy or strain energy when it is acted upon by an
external force. Elastic deformation energy and
plastic deformation energy are two types of
deformation energy. The solid will release part of its
energy and work when the external force and
deformation are gradually reduced, and this part of
the energy is elastic deformation energy.

Several works were focused on manufacturing
process of composite materials with different
properties and different engineering applications to
investigate the mechanical behavior of these
components and to improve its properties [23-27].
The present study looks forward to use new



64

DIAGNOSTYKA, Vol. 22, No. 4 (2021)
Abd-Ali NK, Madeh AR.: Structural analysis of functionally graded material using sigmioadal and ..

reinforcement materials with new layer arrangement
to improve specific applications.

Fig. 18. Shear strain (exy) distribution

CONCLUSIONS

Some conclusions may be extracted from this

work such as:

1.

When a transverse load is supplied to a FGM, a
bottom section of the shell receives significantly
more stress than the top portion; consequently,
it really is important to build the FGM with a
high Young's modulus at the bottom to avoid
fracture.

Mostly in case of in-plane stress, the part at the
top is subjected to the most in-plane stress. In
the FGM, the displacement is greatest at the top
particle.

The sigmoidal law produces excellent results for
the quality and improve of stresses. Both the
theoretical equations and the FEM model
provided significant and acceptable results for
bending stress and bending strain.

Power law give smooth or uniform stress
distribution through the thickness and can be
used for high stress applications.

The maximum deformation capacity that
satisfies the practicability is determined to
achieve the maximum bearing capacity, based
on the amount of deformation and stress energy
of the shell.
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